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DEFORMATIONS OF SEMISIMPLE POISSON PENCILS OF
HYDRODYNAMIC TYPE ARE UNOBSTRUCTED
GUIDO CARLET, HESSEL POSTHUMA, AND SERGEY SHADRIN
Abstract. We prove that the bihamiltonian cohomology of a semisim-
ple pencil of Poisson brackets of hydrodynamic type vanishes for almost
all degrees. This implies the existence of a full dispersive deformation
of a semisimple bihamiltonian structure of hydrodynamic type starting
from any infinitesimal deformation.
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1. Introduction
1.1. Basic setup from the theory of integrable hierarchies. Consider
a system of evolutionary PDEs with one spatial variable x and n dependent
variables of the form
∂ui
∂t
= Aij(u)u
j
x + ǫ
(
Bij(u)u
j
xx + C
i
jku
j
xu
k
x
)
+O(ǫ2).
(Here, and in the following we use the summation convention.) The right
hand side of this equation is represented as a formal power series in ǫ, where
1
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the coefficient of ǫk is a homogeneous differential polynomial, i.e. an homo-
geneous polynomial in ui,d := ∂dxu
i, i = 1, . . . , n, d = 1, . . . , k, deg ui,d = d, of
degree k+1 whose coefficients are smooth functions of coordinates u1, . . . , un
on some domain U ⊂ Rn. We can think of the ui(x) as (ǫ-power series of)
smooth functions of x ∈ S1 or Schwarzian functions of x ∈ R.
On of the possible ways to define and study an integrable hierarchy of par-
tial differential equations of this type uses so-called bihamiltonian structures
with hydrodynamic limit.
A bihamiltonian structure with hydrodynamic limit is given by: a pencil
of two compatible Poisson structures on the space of local functionals of the
form
{ui(x), uj(y)}a =
(
gija (u)∂x + Γ
ij
k,a(u)u
k
x
)
δ(x − y) +O(ǫ), a = 1, 2
where the leading order is given by two Poisson brackets of hydrodynamic
type, and the terms of higher order in ǫ are homogeneous differential oper-
ators acting on δ(x− y), and their coefficients are homogeneous differential
polynomials in the dependent variables u1, . . . , un; a system of Hamiltonians
of the form
Ha[u] =
∫
dx · (ha(u) +O(ǫ)) , a = 1, 2
with higher order terms in ǫ given by homogeneous differential polynomials
in u1, . . . , un.
The evolutionary PDE above can be written as an Hamiltonian flow w.r.t.
both Poisson structures
∂ui
∂t
= {ui(x),Ha}a
for a = 1, 2.
The natural equivalence relation on these systems, and in particular on
the pencils of Poisson structures with hydrodynamic limit, is given by the
so-called Miura transformations, which are transformations of the dependent
variables of the form
ui 7→ vi(u) +O(ǫ), (1)
where higher order terms in ǫ are homogeneous differential polynomials in
u1, . . . , un, and the leading term is a diffeomorphism.
In this context, an important problem is to classify the Poisson structures
with hydrodynamic limit, and respectively the pencils of such Poisson struc-
tures, up to the equivalence given by Miura transformations. In the case of
a single Poisson structure a triviality theorem [9, 8, 6, 12] holds: any Poisson
structure with hydrodynamic limit is Miura equivalent to its leading order,
i.e., to a Poisson structure of hydrodynamic type.
The problem of classification of Poisson pencils is more complex. In the
scalar (n = 1) case a complete solution of this classification problem has
been obtained, see [14, 11, 1, 13, 4, 5].
We are going to consider the general n > 0 case (see [3, 7, 8, 10, 12]),
where it is convenient to make the assumption that the pencil of Poisson
brackets of hydrodynamic type that we are considering is semisimple. A
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Poisson pencil of hydrodynamic type(
gija (u)∂x + Γ
ij
k,a(u)u
k
x
)
δ(x− y), a = 1, 2
is semisimple if the polynomial det
(
gij1 − λg
ij
2
)
of degree n in λ has n pair-
wise distinct non-constant roots on U ⊂ Rn. In such case [7] one can use the
roots as a set of coordinates on U , called canonical coordinates. This choice
ensures that both metrics gij1,2 are diagonal with diagonal entries respectively
equal to f i(u), uif i(u), i = 1, . . . , n for non-vanishing functions f i(u) on U .
In this paper we shall consider the deformation problem of semisimple
Poisson pencils of hydrodynamic type by working in canonical coordinates.
The change of coordinates to canonical ones is an example of a Miura trans-
formation of the first kind, i.e., a diffeomorphism with the terms O(ǫ) in (1)
equal to zero. By fixing these coordinates, we are therefore left with the
problem of classifying Poisson pencils up to Miura transformations of the
second kind, that is, transformations of the dependent coordinates as in (1),
with the zeroth order constant in ǫ equal to the identity. Since Miura trans-
formations of the first and second kind obviously generate the whole Miura
group, this classification problem is equivalent to the original one described
above. Let us now give a precise formulation of this deformation problem
in canonical coordinates.
1.2. Classification of Poisson pencils and the extension problem.
Let {, }0λ = {, }
0
2 − λ{, }
0
1 be a semisimple Poisson pencil of hydrodynamic
type [7], and let u1, . . . , un be the associated canonical coordinates over a
domain U ⊂ Rn where ui − uj 6= 0 for i 6= j. The two compatible Poisson
brackets {, }01,2 are of the form
{ui(x), uj(y)}0a = g
ij
a (u(x))δ
′(x− y) + Γijk,a(u(x))u
k
x(x)δ(x − y),
with a = 1, 2, i, j = 1, . . . n, where the contravariant metrics are given by
gij1 = f
iδij , g
ij
2 = u
if iδij (no summation over i)
and Γijk,a = −g
il
aΓ
j
lk,a, where Γ
j
lk,a are the Christoffel symbols of the metric
gija , and f1(u), . . . , fn(u) are non-vanishing functions on U .
A deformation of {, }0λ is given by a pencil
{, }λ = {, }2 − λ{, }1
where {, }a, a = 1, 2 are compatible Poisson brackets of the form
{ui(x), uj(y)}a = {u
i(x), uj(y)}0a +
∑
k>0
ǫk
k+1∑
l=0
Aijk,l;a(u(x))δ
(l)(x− y) (2)
with Aijk,l;a ∈ A and degA
ij
k,l;a = k − l + 1. Here A denotes the space of
differential polynomials in u1, . . . , un, i.e. formal power series in the variables
ui,s, i = 1, . . . , n, s > 0, with coefficients that are smooth functions of
u1, . . . , un. The degree is defined by setting deg ui,s = s.
Two deformations are equivalent if they are related by a Miura trans-
formation (of the second kind [12]), i.e. by a change of variables of the
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form
ui 7→ u˜i = ui +
∑
k>0
ǫkF ik, i = 1, . . . , n
with F ik ∈ A and degF
i
k = k.
An infinitesimal deformation {, }62λ of {, }
0
λ is given by a pair of compatible
Poisson brackets of the form (2) where terms of O(ǫ3) are disregarded. This
means that in the expansion (2) above, we only consider the the coefficients
Aijk,l;a(u(x)) for k up to 2, so that the highest derivative δ
(l)(x−y). appearing
is 3. Two infinitesimal deformations are equivalent iff they are related by a
Miura transformation up to O(ǫ3). The following theorem, which classifies
the deformations of {, }0λ, was proved in [10, 7].
Theorem 1. Two deformations of {, }0λ are equivalent if and only if the cor-
responding infinitesimal deformations are equivalent. Given an infinitesimal
deformation of {, }0λ, the functions, called central invariants, defined by
ci(u) :=
1
3(f i(u))2

Aii2,3;2 − uiAii2,3;1 +∑
k 6=i
(Aki1,2;2 − u
iAki1,2;1)
2
fk(u)(uk − ui)

 ,
for i = 1, . . . , n, only depend on the single variable ui are invariant under
Miura transformations. Two infinitesimal deformations of {, }0λ are equiva-
lent if and only if they have the same central invariants.
The main open problem in the deformation theory of a semisimple Poisson
pencil {, }0λ is the problem of extension: making a choice of central invariants
c1(u
1), . . . , cn(u
n) fixes an equivalence class of infinitesimal deformations of
{, }0λ, but the question is whether there exists a full deformation {, }λ that
extends an infinitesimal one to all orders in ǫ. A positive solution of the
existence problem was conjectured (and formulated in terms of vanishing of
the third bihamiltonian cohomlogy groups) by Liu and Zhang in [10].
The main result of this paper is the solution of this conjecture, i.e., the
affirmative answer to the extension problem.
Theorem 2. Let {, }62λ be an infinitesimal deformation of a semisimple
Poisson pencil of hydrodynamic type {, }0λ. Then there exists a deformation
{, }λ that extends {, }
62
λ to all orders in ǫ.
1.3. Methods of proof and organization of the paper. The problem
of the description of automorphisms, infinitesimal deformations, and ob-
structions to the extension of infinitesimal deformations for any algebraic
structure can be formulated in terms of some cohomology groups associated
to it. In our case, in order to prove that the deformation of a semisimple
pencil of Poisson brackets is not obstructed we have to show that certain
cohomology groups, called bihamiltonian cohomology, are equal to zero.
There is no straightforward way to compute these cohomology groups.
However, Liu and Zhang have shown that the vanishing of these cohomology
groups follows from the vanishing of the cohomology of the auxiliary complex
(Aˆ[λ],Dλ), defined below, in certain degrees. It is a difficult task to compute
the full cohomology of this complex, however we are able to show vanishing
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of such cohomology in the required degrees using a clever choice of filtrations
and the structure of the associated spectral sequences.
The paper is organized as follows. In Section 2 we recall the definition of
the auxiliary complex and explain its relation to the problems of deformation
of pencils of Poisson structures. In particular, we formulate a statement
about the complex (Aˆ[λ],Dλ) that implies Theorem 2. In Section 3 we
introduce a series of filtrations on the complex (Aˆ[λ],Dλ) that allows us to
prove the key statement about its cohomology.
1.4. Conventions. Throughout the paper we use the summation conven-
tion in the sense that repeated (upper- and lower-)indices should be summed
over. However, there are a few exceptions when the metrics gij1 = f
iδij and
gij2 = u
if iδij , or the tensors derived from them are involved. Such equa-
tions always involve the functions f i. To determine which indices are to be
summed over, it suffices to consider the other side of the equation and the
indices that appear in there.
2. Theta formalism, polyvector fields and cohomology
The deformation theory of a pencil of Poisson brackets is controlled by the
so-called bihamiltonian cohomology defined on the space of local polyvector
fields. In order to show the vanishing of such bihamiltonian cohomology in
certain degrees, from which Theorem 2 follows, we consider the cohomology
of a related complex (Aˆ[λ],Dλ), introduced by Liu and Zhang [13]. This
approach has a double advantage: first, we can work in the space Aˆ, where
the identifications imposed by integration are not imposed, making compu-
tations simpler; second, we can compute the cohomology on the space Aˆ[λ]
of polynomials in λ, rather than the bihamiltonian cohomology on Aˆ, and
this allows us to use directly the methods of spectral sequences associated
with filtrations.
In this Section we review some basic definitions, mainly from [13], state
our main theorem and derive its most important consequences.
2.1. Basic definitions. Consider the supercommutative associative alge-
bra Aˆ defined as
Aˆ = C∞(U)[[ui,1, ui,2, . . . ; θ0i , θ
1
i , θ
2
i , . . . ]],
where ui,s, i = 1, . . . , n, s = 1, 2, . . . are formal even variables and θsi ,
i = 1, . . . , n, s = 0, 1, 2, . . . are odd variables. An element in C∞(U) is
represented by a function of the coordinates ui, i = 1, . . . , n on the domain
U ⊂ Rn. We define the standard gradation on Aˆ by assigning the degrees
deg ui,s = deg θsi = s, s = 1, 2, . . .
and degree zero to both θi = θ
0
i and the elements in C
∞(U). The standard
degree d homogeneous component of Aˆ is denoted Aˆd. Notice that Aˆd coin-
cides with the standard degree d homogeneous component of the polynomial
algebra C∞(U)[ui,1, . . . , ui,d; θ0i , . . . , θ
d
i ]. The super gradation, that we will
denote by degθ, is defined by assigning degree one to θ
s
i for s > 0 and degree
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zero to the remaining generators of Aˆ. The super degree p homogeneous
component is denoted Aˆp. We also denote
Aˆpd = Aˆd ∩ Aˆ
p.
The standard derivation on Aˆ,
∂ =
∑
s>0
(
ui,s+1
∂
∂ui,s
+ θs+1i
∂
∂θsi
)
,
is compatible with the standard and super gradations, in particular it in-
creases the standard degree by one and leaves invariant the super degree.
Thanks to the homogeneity of ∂, the space Fˆ := Aˆ
∂Aˆ
still possesses two gra-
dations, which we keep denoting with indices p and d. The elements of Fˆp
are called local p-vectors and the projection map is denoted by an integral∫
: Aˆ → Fˆ .
The space Fˆ can be endowed with the Schouten-Nijenhuis bracket
[, ] : Fˆp × Fˆq → Fˆp+q−1,
which satisfies the usual graded skew-symmetry and graded Jacobi identities,
see [13, 12] for more details.
A Poisson bivector P is an element of Fˆ2 that satisfies [P,P ] = 0. If P is
a Poisson bivector, its adjoint action dP = [P, ·] on Fˆ by the graded Jacobi
identity squares to zero, hence defines a differential complex (Fˆ , dP ). Given
a Poisson bivector P , the super derivation DP on Aˆ is defined by
DP =
∑
s>0
(
∂s
(
δP
δθi
)
∂
∂ui,s
+ ∂s
(
δP
δui
)
∂
∂θsi
)
,
where the variational derivatives on Aˆ w.r.t. ui and θi are defined as follows
δ
δui
=
∞∑
s=0
(−∂)s
∂
∂ui,s
,
δ
δθi
=
∞∑
s=0
(−∂)s
∂
∂θsi
.
The super derivationDP squares to zero, and is such that the integral defines
a map of differential complexes∫
: (Aˆ,DP )→ (Fˆ , dP ).
As pointed out in [13] this allows us to work with the complex (Aˆ,DP )
rather than with the more complicated (Fˆ , dP ).
A Poisson pencil is given by two Poisson bivectors P1, P2 which are com-
patible, i.e. [P1, P2] = 0. For each λ, then, Pλ := P2 − λP1 is also a Poisson
bivector. We denote by d1 and d2 the differentials on Fˆ corresponding to P1
and P2, respectively. Due to compatibility, dλ := d2 − λd1 squares to zero.
We denote by D1 andD2 the super derivations on Aˆ associated to P1 and P2,
respectively. Their compatibility in this case implies that Dλ := D2 − λD1
also squares to zero. In summary we can define two differential complexes
associated to a Poisson pencil
(Aˆ[λ],Dλ), (Fˆ [λ], dλ).
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Remark 3. The Poisson brackets {, }1,2 introduced in (2) are elements of
the space Λ2loc of local bivectors written in δ-formalism, see [8]. There is a
one to one correspondence between the space of local p-vectors Λploc, written
in δ-formalism and the space Fˆp. We will not recall it here in general but
rather refer the reader to [13]. For the case of a bivector, written as
{ui(x), uj(y)} =
∑
s>0
Bijs δ
(s)(x− y),
with Bjis ∈ A, the corresponding element in Fˆ2 is
P =
1
2
∫
θi
∑
s>0
Bijs θ
s
j .
2.2. The complex (Aˆ[λ],Dλ). Let us fix a semisimple Poisson pencil of
hydrodynamic type {, }0λ = {, }
0
2−λ{, }
0
1, and denote by u
1, . . . , un the asso-
ciated canonical coordinates on U ⊂ Rn, see §1.2. The compatible Poisson
brackets {, }01,2 are represented in Fˆ
2
1 by two bivectors
Pa =
1
2
∫ (
gija θ
0
i θ
1
j + Γ
ij
k,au
k,1θiθj
)
, a = 1, 2.
In canonical coordinates the Christoffel symbol of gij1 = f
iδij is
Γijk,1 =
1
2
(
∂kf
iδij +
f i
f j
∂if
jδjk −
f j
f i
∂jf
iδik
)
and P1 is given by
P1 =
1
2
∫ (
f iθiθ
1
i +
f i
f j
∂if
juj,1θiθj
)
.
We denote by D1 = D(f
1, . . . , fn) the super derivation on Aˆ corresponding
to P1. A straightforward computation gives us the following formula
D(f1, . . . , fn) =
∑
s>0
∂s
(
f iθ1i
) ∂
∂ui,s
(3)
+
1
2
∑
s>0
∂s
(
∂jf
iuj,1θ0i + f
i∂if
j
f j
uj,1θ0j − f
j ∂jf
i
f i
ui,1θ0j
)
∂
∂ui,s
+
1
2
∑
s>0
∂s
(
∂if
jθ0j θ
1
j + f
j ∂jf
i
f i
θ0i θ
1
j − f
j ∂jf
i
f i
θ0j θ
1
i
)
∂
∂θsi
+
1
2
∑
s>0
∂s
( ∂
∂ui
(fk
f j
∂kf
j
)
uj,1θkθj −
∂
∂uj
(fk
f i
∂kf
i
)
uj,1θkθi
) ∂
∂θsi
.
Notice that D is an homogeneous operator of standard degree one, there-
fore it is well-defined on Aˆ[λ], because each homogeneous component Aˆd[λ]
the infinite sums appearing in (3) have only a finite number of non-vanishing
terms.
The super derivation corresponding to P2 is then given by
D2 := D(u
1f1, . . . , unfn).
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Our aim is to compute the cohomology of the complex (Aˆ[λ],Dλ) with Dλ =
D2 − λD1, and D1, D2 given above.
2.3. The main theorem. In Section 3 we prove the following vanishing
theorem for the cohomology of the complex (Aˆ[λ],Dλ).
Theorem 4. The cohomology Hpd (Aˆ[λ],Dλ) vanishes for all bi-degrees (p, d),
unless
d = 0, . . . , n, p = d, . . . , d+ n,
or
d = n+ 1, n+ 2, p = d, . . . , d+ n− 1.
Remark 5. For n = 1 the bi-degrees for which we cannot state vanishing
according to Theorem 4 are
(p, d) = (0, 0), (1, 0), (1, 1), (2, 1), (2, 2), (3, 3).
In [5] (and in [4] for the KdV case) we compute by a different method the
cohomology Hpd(Aˆ[λ],Dλ) for all bi-degrees, proving in particular that it
vanishes also for
(p, d) = (1, 0), (1, 1), (2, 2).
This shows that the vanishing theorem above can be strengthened. Our re-
sult is enough, however, to prove the absence of obstructions to deformations
of bihamiltonian structures, which is our main aim.
Remark 6. In the proof of Theorem 4 we will distinguish two sets of indexes
for which we do not prove vanishing:
d = 0, . . . , n, p = d, . . . , d+ n (Case 1),
and
d = 2, . . . , n+ 2, p = d, . . . , d+ n− 1 (Case 2),
which clearly overlap for n > 2. We distinguish the two cases since they
have different sources in the complex.
2.4. Vanishing of bihamiltonian cohomology. By the following lemma
of Liu and Zhang [13], the bihamiltonian cohomology of Fˆ is isomorphic
to the cohomology of the complex1 (Fˆ [λ], dλ) in almost all degrees (p, d).
Let (C, ∂1, ∂2) be either the double complex (Aˆ,D1,D2) or (Fˆ , d1, d2). The
bihamiltonian cohomology of the double complex (C, ∂1, ∂2) is defined by
BH(C, ∂1, ∂2) =
Ker ∂1 ∩Ker ∂2
Im∂1∂2
.
Lemma 7. The natural embedding of C in C[λ] induces an isomorphism
BHpd(C, ∂1, ∂2)
∼= H
p
d (C[λ], ∂λ)
for p > 0, d > 2.
1A similar description in terms of a bicomplex was given in [3].
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As pointed out in [13], the short exact sequence of complexes
0→ (Aˆ[λ]/R[λ],Dλ)→ (Aˆ[λ],Dλ)→ (Fˆ [λ], dλ)→ 0
implies a long exact sequence in cohomology, which includes
· · · → Hpd(Aˆ[λ])→ H
p
d(Fˆ [λ])→ H
p+1
d (Aˆ[λ])→ · · ·
for p, d > 0. It is clear that if bothHpd (Aˆ[λ],Dλ) andH
p+1
d (Aˆ[λ],Dλ) vanish,
thenHpd (Fˆ [λ], dλ) vanishes too. Our vanishing result forH
p
d (Aˆ[λ]) translates
to the following statement for the cohomology of the complex (Fˆ [λ], dλ).
Corollary 8. The cohomology Hpd (Fˆ [λ], dλ) vanishes for all bi-degrees (p, d),
unless
d = 0, . . . , n, p = d− 1, . . . , d+ n,
or
d = n+ 1, n + 2, p = d− 1, . . . , d+ n− 1.
Using the isomorphism of Lemma 7 we obtain the vanishing of the bi-
hamiltonian cohomology of Fˆ .
Corollary 9. The bihamiltonian cohomology BHpd(Fˆ , d1, d2) vanishes for
all bi-degrees (p, d) with d > 2, unless
d = 2, . . . , n, p = d− 1, . . . , d+ n,
or
d = n+ 1, n + 2, p = d− 1, . . . , d+ n− 1.
Remark 10. Notice that in particular it follows that
BH2>4(Fˆ , d1, d2) = 0, BH
3
>5(Fˆ , d1, d2) = 0.
The vanishing of the second cohomology for d > 4 has been already proved
in [10, 7], together with the results
BH22 (Fˆ , d1, d2) = 0, BH
2
3 (Fˆ , d1, d2)
∼=
n⊕
i=1
C∞(R).
The vanishing of the third cohomology for d > 5 is new, and is the most
relevant for the extension problem of deformation theory.
2.5. Bihamiltonian cohomology and deformations. The deformation
problem can be formulated in Fˆ as follows. Let P 0λ = P
0
2 − λP
0
1 ∈ Fˆ
2
1 [λ] be
a semisimple Poisson pencil of hydrodynamic type. A deformation of P 0λ is
given by Pλ = P2 − λP1 ∈ Fˆ
2
>1[λ] with Pλ −P
0
λ ∈ Fˆ
2
>2 and [Pλ, Pλ] = 0. An
infinitesimal deformation of P 0λ is given by
P62λ = P
0
λ + P
1
λ + P
2
λ , P
d−1
λ = P
d−1
2 − λP
d−1
1 ∈ Fˆ
2
d [λ]
such that
[P62λ , P
62
λ ] ∈ Fˆ
3
>5[λ].
A deformation Pλ of P
0
λ extends a infinitesimal deformation P
62
λ if Pλ −
P62λ ∈ Fˆ
3
>4[λ].
The extension problem can be stated as follows: given an infinitesimal
deformation P62λ of P
0
λ , there exists a deformation Pλ extending P
62
λ ?
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As pointed out in [13] the fact that the second bihamiltonian cohomology
groups BH2d(Fˆ , d1, d2) vanish for d > 4 and d = 2 but not for d = 3, im-
plies that the vanishing of BH3>6(Fˆ , d1, d2) guarantees that any infinitesimal
deformation P62λ can be extended to a full deformation Pλ.
This result, expressed in the δ-formulation of local bivectors, is Theorem 2.
To see that the vanishing of BH3>6(Fˆ) implies that the deformations are
unobstructed, consider that any infinitesimal deformation, thanks to the
triviality theorem for the deformations of a single Poisson structure [9, 8, 6,
12], can be put in the form
P621 = P
0
1 , P
62
2 = P
0
2 + P
2
2
by an appropriate Miura transformation. Clearly P 22 is in the kernel of
both d1 and d2, hence identifies an element of BH
2
3 (Fˆ). Let us look for a
deformation of the form
P1 = P
0
1 , P2 = P
0
2 + P
2
2 + P
4
2 + P
6
2 + . . . (4)
Let us first show that exist a term P 42 such that
d1P
4
2 = 0, d2P
4
2 +
1
2
[P 22 , P
2
2 ] = 0. (5)
Clearly [P 22 , P
2
2 ] ∈ Fˆ
3
6 is in Ker d1 ∩Ker d2, hence the vanishing of BH
3
6 (Fˆ)
implies that
d1d2Q1 =
1
2
[P 22 , P
2
2 ]
for some Q1 ∈ Fˆ
1
4 . Then P
4
2 = d1Q1 gives a solution of (5).
At the next step of the deformation we want to find P 62 such that
d1P
6
2 = 0, d2P
6
2 + [P
2
2 , P
4
2 ] = 0. (6)
As before [P 22 , P
4
2 ] ∈ Fˆ
3
8 is in Ker d1∩Ker d2, hence the vanishing of BH
3
8 (Fˆ)
implies that there is an element Q2 ∈ Fˆ
1
6 s.t. d1d2Q2 = [P
2
2 , P
4
2 ]. Then
setting P 62 = d1Q2 gives us the required solution of (6).
Since the vanishing of BH3>6(Fˆ) ensures that this procedure can be con-
tinued indefinitely, as proved by induction in [13], the existence of a full
deformation extending the infinitesimal deformation P62λ indeed follows.
Notice that this in particular implies that any deformation can be put in
the form (4), i.e., with the first Poisson tensor undeformed and the second
one having only odd standard degree terms. This fact was also proved
independently of the vanishing of the third bihamiltonian cohomology in [7].
3. Filtrations and spectral sequences
In this Section we give a proof of Theorem 4. It is a rather technical
argument: basically, we introduce a sequence of filtrations and study the as-
sociated spectral sequences in order to show the vanishing of the cohomology
in some degrees.
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3.1. Strategy of the proof of Theorem 4. Before we start with the
technical details, let us make some general remarks about the strategy of the
proof. The theorem states that the cohomology of the complex (Aˆ[λ],Dλ)
vanishes in certain degrees (p, d). We prove this vanishing by introducing
several spectral sequences associated to certain filtrations.
Central to this derivation is the following simple principle: suppose we
have a cochain complex (C, d) with a bounded decreasing filtration
. . . ⊂ F p+1C ⊂ F pC ⊂ . . .
The associated spectral sequence is bounded and converges to
Ep,q1 = H
p+q(F pC/F p+1C, d0) =⇒ H
p+q(C, d),
where d0 is the induced differential on the zeroth page, i.e. the associated
graded complex. Suppose now that Hp(Ek, dk) = 0 for some k > 0. Since
all higher pages are iterated subquotients of Ek, we see that in this case
Hp(C, d) = 0.
In the proof we will apply this principle inductively: we introduce a filtra-
tion on the complex (Aˆ[λ],Dλ) which induces a spectral sequence. To show
the vanishing of the cohomology of the first page E1, we introduce another
filtration on this page, which induces a spectral sequence converging to the
second page E2 of the previous spectral sequence. In this way, we apply in
total a sequence of three filtrations. For the convenience of the reader, we
list them below:
1. The first filtration is associated with the degree of monomials in
Aˆ[λ] in the variables ui,s, s > 1, i.e. we assign degree 1 to each ui,s,
s > 1. The differential on the zeroth page of the associated spectral
sequence is the part of Dλ that preserves this degree, whereas on the
first page it is the part that decreases it by 1.
2. On the first page of the spectral sequence above, we consider the
filtration given by the degree in θ1i , for all i = 1, . . . , n, i.e., this
time deg(θ1i ) = 1, i = 1, . . . , n. On the zeroth page, the differential
is given by the part of the differential in 1 (at the first page) that
increases the number of θ1i by 1.
3. The complex on the zeroth page in 2 splits as direct sum of complexes
Cˆi, i = 1, . . . , n. To compute the cohomology of the subcomplex Cˆi,
we filter by the degree of monomials in θ1i , where this time i is
fixed. On the zeroth page of the spectral sequence we finally find a
complex of which we can prove the vanishing of the cohomology in
the relevant degrees.
Having obtained the vanishing of the cohomology in 3, we apply the principle
stated above to argue that the first page of the spectral sequence in 2 vanishes
in certain degree. The same argument gives the vanishing of the second
page of the spectral sequence in 1, which in turn proves the vanishing of
the cohomology of the original complex (Aˆ[λ],Dλ) in certain degrees, i.e.
Theorem 4.
3.2. Grading and subcomplexes. Since θsi are odd variables, we have
a restriction on possible gradings p and d on the space Aˆ . Indeed, the
minimal possible standard degree d of a monomial in θsi of super degree
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p = nq + r, r < n is the degree of θ01 · · · θ
0
n · · · θ
q−1
1 · · · θ
q−1
n θ
q
i1
· · · θqir equal
to n(0 + · · · + (q − 1)) + rq = nq(q − 1)/2 + rq. So, the finitely generated
C∞(U)-module Aˆpd is zero for
d < nq(q − 1)/2 + rq. (7)
Moreover, the operators D1 and D2 (and, correspondingly, d1 and d2) are of
bi-degree (p, d) equal to (1, 1). Therefore, the difference p − d is preserved
by both operators, and this means that the space Aˆ can be seen as the
completion of an infinite direct sum of subcomplexes indexed by difference
d − p = −n,−n + 1, . . . . The inequality (7) implies that each of these
subcomplexes is finite, and consequently we can compute the cohomology
of each of them separately. For this general reason all the filtrations and
spectral sequences introduced below will be bounded, and consequently the
spectral sequences will converge in a finite number steps.
3.3. The first filtration. Let us define a degree degu on Aˆ[λ] by assigning
degree one to ui,s with s > 1 and degree zero to the remaining generators.
The differential Dλ splits in homogeneous components ∆k with respect
to the degree degu, i.e.,
Dλ = ∆−1 +∆0 + . . . ,
where degu∆k = k.
One can easily check from (3) that the only term that lowers the degree
degu is
∆−1 =
∑
s>1
(−λ+ ui)f iθs+1i
∂
∂ui,s
.
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The terms in (3) that preserve the degree degu are:
∆0 = (−λ+ u
i)f iθ1i
∂
∂ui
+
∑
s=a+b
s,a>1;b>0
(−λ+ ui)
(
s
b
)
∂jf
iuj,aθ1+bi
∂
∂ui,s
+
∑
s=a+b
s,a>1;b>0
(
s
b
)
f iui,aθ1+bi
∂
∂ui,s
+
1
2
∑
s=a+b
s>1;a,b>0
(−λ+ ui)
(
s
b
)
∂jf
iuj,1+aθbi
∂
∂ui,s
+
1
2
∑
s=a+b
s>1;a,b>0
(
s
b
)
f iui,1+aθbi
∂
∂ui,s
+
1
2
∑
s=a+b
s>1;a,b>0
(−λ+ ui)
(
s
b
)
f i
∂if
j
f j
uj,1+aθbj
∂
∂ui,s
+
1
2
∑
s=a+b
s>1;a,b>0
(
s
b
)
f iui,1+aθbi
∂
∂ui,s
−
1
2
∑
s=a+b
s>1;a,b>0
(−λ+ uj)
(
s
b
)
f j
∂jf
i
f i
ui,1+aθbj
∂
∂ui,s
−
1
2
∑
s=a+b
s>1;a,b>0
(
s
b
)
f iui,1+aθbi
∂
∂ui,s
+
1
2
∑
s=a+b
s,a,b>0
(−λ+ uj)
(
s
b
)
∂if
jθaj θ
1+b
j
∂
∂θsi
+
1
2
∑
s=a+b
s,a,b>0
(
s
b
)
f iθai θ
1+b
i
∂
∂θsi
+
1
2
∑
s=a+b
s,a,b>0
(−λ+ uj)
(
s
b
)
f j
∂jf
i
f i
θai θ
1+b
j
∂
∂θsi
+
1
2
∑
s=a+b
s,a,b>0
(
s
b
)
f iθai θ
1+b
i
∂
∂θsi
−
1
2
∑
s=a+b
s,a,b>0
(−λ+ uj)
(
s
b
)
f j
∂jf
i
f i
θaj θ
1+b
i
∂
∂θsi
−
1
2
∑
s=a+b
s,a,b>0
(
s
b
)
f iθai θ
1+b
i
∂
∂θsi
.
Suppose we introduce a filtration of Aˆ[λ] related to the degree degu. The
usual decreasing filtration associated with degu is defined as follows: let
F˜ rAˆ[λ] be the subspace of Aˆ[λ] of elements with homogenous components
of degu greater of or equal to r. This filtration however is not preserved by
Dλ, because of the presence of the term of negative degree ∆−1.
Let us instead consider the decreasing filtration F Aˆ[λ] of Aˆ[λ] associated
with the degree degu+degθ. Let F
rAˆ[λ] be given by the elements in Aˆ[λ]
with homogeneous components in degu+degθ of degree > r, where degθ is
the super gradation defined in § 2.1. We get
· · · ⊂ F 2Aˆ[λ] ⊂ F 1Aˆ[λ] ⊂ F 0Aˆ[λ] = Aˆ[λ].
Since degθ Dλ = 1, the differential Dλ preserves this filtration. Notice that
this filtration, when restricted to each subcomplex Aˆpd[λ] with fixed difference
d− p, is bounded.
Let us now consider the spectral sequence associated with the filtration
F Aˆ[λ]. Since such filtration comes from a grading, the zeroth page is given
by
E0 =
⊕
p,q
Ep,q0 =
⊕
p,q
F pAˆp+q[λ]/F p+1Aˆp+q[λ] ∼= Aˆ[λ]
14 GUIDO CARLET, HESSEL POSTHUMA, AND SERGEY SHADRIN
and the induced differential by ∆−1, i.e.,
(E0, d0) = (Aˆ[λ],∆−1).
To obtain the first page of the spectral sequence we need therefore to com-
pute the cohomology of the complex (Aˆ[λ],∆−1).
We define
Cˆ := C∞(U)[[θ01 , . . . , θ
0
n, θ
1
1, . . . , θ
1
n]],
and
Cˆi := Cˆ[[{u
i,s, θs+1i , s > 1}]].
On Cˆi, we denote by dˆi the de Rham differential
dˆi =
∑
s>1
θs+1i
∂
∂ui,s
.
Proposition 11. The cohomology of ∆−1 is given by
H(Aˆ[λ],∆−1) ∼= Cˆ[λ]⊕
n⊕
i=1
Im
(
dˆi : Cˆi → Cˆi
)
.
Before we start the proof of this proposition, as a preliminary step, we
observe that the cohomology of the de Rham complex (Cˆi, dˆi) is trivial in
positive degree.
Lemma 12 (“Poincare´ lemma”).
H(Cˆi, dˆi) = Cˆ.
Proof. A simple proof of this fact can be given in terms of an homotopy
map, a procedure that we will use repeatedly in the following. For fixed
i = 1, . . . , n and s > 1, let
hi,s =
∂
∂θs+1i
∫
dui,s,
where the integration constant is set to zero. We have
hi,sdˆi + dˆihi,s = 1− πui,sπθs+1i
where πp denotes the projection that sets the variable p to zero. Given a
cocycle g ∈ Cˆi representing a cohomology class [g], the previous formula
implies that the same cohomology class can be represented by the cycle
πui,sπθs+1i
g. Repeating this process, we can kill all variables ui,s, θs+1i with
s > 1, hence a cohomology class can be always represented by an element
in Cˆ. Since Im dˆi always contains θ
s+1
i with s > 1, no further simplification
is possible. 
Proof of Proposition 11. To prove Proposition 11 we introduce two homo-
topy maps. Let σi be the map that acts on a rational function of λ by
removing the polar part at λ = ui. For a polynomial p(λ) we have
σi
(
p(λ)
λ− ui
)
=
p(λ)− p(ui)
λ− ui
.
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Fix i = 1, . . . , n and s > 1 and let
hi,s = σi
1
ui − λ
1
f i
∂
∂θs+1i
∫
dui,s.
Clearly hi,s defines a map on Aˆ[λ] which satisfies
hi,s∆−1 +∆−1hi,s = 1− pi,s, (8)
where
pi,s :=πui,sπθs+1i
+
(∑
t>1
j
f j
f i
θt+1j
∂
∂θs+1i
∂
∂uj,t
∫
dui,s
)
πλ−ui .
As before πp denotes the projection that sets the variable p to zero, in
particular πλ−ui sets λ to u
i.
In the derivation of formula (8) is useful to notice the following obvious
identities ∫
dui,s
∂
∂ui,s
= 1− πui,s ,
∂
∂θs+1i
θs+1i = πθs+1i
.
The operator pi,s is homogeneous of standard degree zero, hence it acts
separately on each Aˆd[λ], where the infinite sum appearing in its definition
becomes finite, hence it is well defined. Moreover for s large enough, it acts
like the identity. We therefore introduce a well-defined operator pI on Aˆ[λ],
which is given by the application of all the operators pi,s in a given order,
i.e.,
pI = · · · ◦ (pn,2 ◦ · · · ◦ p1,2) ◦ (pn,1 ◦ · · · ◦ p1,1).
It is easy to check that the operator pI maps Aˆ[λ] to Aˆ
nt ⊕ Cˆ[λ], where by
Aˆnt we denote the subspace of Aˆ spanned by monomials with non-trivial
dependence on the variables ui,s, θs+1i with i = 1, . . . , n, s > 1.
By formula (8) when applied to a ∆−1-cocycle the operator pI produces
an equivalent cocycle g˜ + g with g˜ ∈ Aˆnt and g ∈ Cˆ[λ]. Notice that g is a
cocycle by itself, and can no longer be simplified by quotienting by Im∆−1.
Let us now introduce a second homotopy operator. Let us denote ∆−1 =
d′′ − λd′ and define, for s, t > 1 and i 6= j
hi,s;j,t =
1
ui − uj
1
f if j
∂
∂θs+1i
∂
∂θt+1j
∫
dui,s
∫
duj,t.
We have
[hi,s;j,t, d
′′d′] = 1− pi,s;j,t + (...)d
′ + (...)d′′,
where we did not specify the last two terms since they vanish when applied
on elements in Ker d′ ∩Ker d′′, and
pi,s;j,t := πui,sπθs+1i
+ πuj,tπθt+1j
− πui,sπθs+1i
πuj,tπθt+1j
.
Clearly pi,s;j,t is a well-defined operator on Aˆ[λ], which acts like the identity
for large s or t. As before we define an operator pII on Aˆ[λ] given by the
application of the such operators in a given order. The operator pII acts like
the identity on Cˆ[λ] and maps Aˆnt to ⊕iCˆ
nt
i , where Cˆ
nt
i = Cˆi ∩ Aˆ
nt, since it
obviously removes all monomials that contain any quadratic term of the form
ui,suj,t, ui,sθt+1j or θ
s+1
i θ
t+1
j for i 6= j, s, t > 1. We denote by Mˆ the subspace
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of Aˆ spanned by such monomials. Recall that ∆−1 =
∑
i(−λ + u
i)f idˆi
and observe that dˆi sends to zero Cˆ[λ] and Cˆ
nt
j [λ] for j 6= i. Moreover
dˆi(Mˆ) ⊆ Mˆ. Notice that this in particular implies that each summand in
Aˆ[λ] = Cˆ[λ]⊕
(
⊕iCˆ
nt
i [λ])
)
⊕ Mˆ[λ],
is left invariant by ∆−1.
Let us then consider the cocycle g˜ ∈ Aˆnt. Since g˜ does not depend on λ,
it is in the kernel of ∆−1 iff d
′g˜ = 0 and d′′g˜ = 0. Moreover, an element of
the form d′′d′f for f ∈ Aˆ is in the image of ∆−1 and does not depend on λ,
since ∆−1d
′f = d′′d′f . By the homotopy formula above it follows that pII
sends the cocycle g˜ to an equivalent cocycle
∑
i g˜i for g˜i ∈ Cˆ
nt
i .
Moreover, since dˆi(Cˆ
nt
i ) ⊆ Cˆ
nt
i , and ∆−1 =
∑
i(−λ + u
i)f idˆi, we have
that g˜i ∈ Ker dˆi, which in turn, because of the vanishing of the cohomology
H(Cˆi, dˆi), is equivalent to g˜i ∈ Im dˆi ⊆ Cˆ
nt
i .
To complete the proof we have to show that we cannot further quotient
by elements in Im∆−1 without spoiling the form of
∑
i g˜i. It is sufficient
to show that if we have a ∆−1-coboundary of the form
∑
i gi with gi ∈ Cˆ
nt
i ,
then the gi vanish. Let, then, h(λ) ∈ Aˆ[λ] such that ∆−1h(λ) =
∑
i gi with
gi ∈ Cˆ
nt
i . Since ∆−1 leaves invariant each summand in the splitting of Aˆ[λ]
above, we can choose h(λ) =
∑
i hi(λ) for hi(λ) ∈ Cˆ
nt
i [λ], where the hi(λ)
have to satisfy fi(−λ+ u
i)dˆihi(λ) = gi. Since gi does not depend on λ this
clearly implies that it has to be zero. We can conclude that the we cannot
further simplify the cocycle
∑
i g˜i.
Proposition 11 is proved.

We now continue to determine the differential on the first page of the
spectral sequence. Define the space
Bˆ := Cˆ[λ]⊕
n⊕
i=1
Im
(
dˆi : Cˆi → Cˆi
)
[λ]
(λ− ui)
, (9)
where, in general, by A[λ]
(λ−ui)
we denote the quotient of the space of polyno-
mials A[λ] by the space of polynomials that vanish at λ = ui.
The inclusion i : Bˆ →֒ Aˆ[λ] is defined as the identity on the first com-
ponent Cˆ[λ], and, on dˆi(Cˆi)[λ]/(λ − u
i), as the standard inclusion after the
evaluation at λ = ui. Proposition 11 says that this inclusion i : (Bˆ, 0) →֒
(Aˆ[λ],∆−1) induces an isomorphism on cohomology. The differential on the
first page of the spectral sequence is just the differential induced on this
cohomology by the next degree term ∆0 of Dλ. More explicitly, we use i to
embed elements b ∈ Bˆ in Aˆ[λ] as cocycles for ∆−1, and apply ∆0. Because
D2λ = 0, we have ∆−1∆0 + ∆0∆−1 = 0, and the result ∆0i(b) is another
cocycle for ∆−1, however not in the image of i. Therefore, to project down
to the image of i, we use the homotopies described in the proof of Propo-
sition 11. Let us denote by p := pII ◦ pI the map on Aˆ[λ] defined by the
composition pI of all the maps pi,s followed by the composition pII of all
the maps pi,s;j,t, defined in the proof of Proposition 11. In particular the
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map p associates with a ∆−1 cocycle in Aˆ[λ] the representative in Bˆ of the
corresponding cohomology class. We obviously have p ◦ i = id. Then we
have:
Proposition 13. The first page of the spectral sequence associated with the
filtration F Aˆ[λ] is given by the complex
(E1, d1) = (Bˆ,∆
′
0),
with ∆′0 = p ◦∆0 ◦ i.
From the proof of Proposition 11 we can derive some properties of the
map p, which we collect in the following Corollary. Let us write the space
Aˆ[λ] as the direct sum of three subspaces, i.e.,
Aˆ[λ] = Cˆ[λ]⊕
(
⊕iCˆ
nt
i [λ]
)
⊕ Mˆ[λ],
where, as already mentioned in the proof of Proposition 11, Cˆnti is the sub-
space of Cˆi generated by all nontrivial monomials, i.e., monomials that con-
tain at least one generator among ui,s, θs+1i for s > 1, and Mˆ is the subspace
of Aˆ generated by all nontrivial mixed monomials, i.e., monomials containing
at least a pair of generators with different indices i. We further decompose
Cˆnti [λ] = Cˆ
nt
i ⊕ (λ− u
i)Cˆnti [λ].
Corollary 14. The map p acts as the identity on Cˆ[λ] and Cˆnti ∩Ker dˆi, and
it sends to zero the spaces (λ− ui)Cˆnti [λ], i = 1, . . . , n, and Mˆ[λ].
Proof. The projection p on Aˆ[λ] is defined as pII ◦ pI , where pI is given by
the composition of the operators pi,s for s > 1 and pII by the composition
of the operators pi,s;j,t for i 6= j, s, t > 1.
It is quite easy to check that pI = 1 on Cˆ[λ], since all pi,s act just like the
identity.
On Cˆnti [λ] the operator pk,s acts like the identity unless i = k. On (λ −
ui)Cˆnti [λ] the operator πλ−ui is equal to zero, so pi,s = πui,sπθs+1i
, therefore
pI = 0 on (λ− u
i)Cˆnti [λ].
Notice that on Cˆnti the operator pi,s becomes
pi,s = 1−
∂
∂θs+1i
∫
dui,sdˆi
while pj,s = 1 for j 6= i, therefore on Cˆ
nt
i ∩ Ker dˆi, the operator pI acts like
the identity. Moreover notice that pI(Mˆ[λ]) ⊂ Mˆ[λ].
Finally it is easy to see that pII acts as the identity on Cˆ[λ] and Cˆ
nt
i [λ],
and as the zero operator on Mˆ[λ]. The Corollary is proved. 
3.4. The second filtration. We are now left with the problem of comput-
ing the second page E2 of the spectral sequence associated with the filtration
F Aˆ[λ], which amounts, as explained in the previous section, to computing
the cohomology of the operator ∆′0 on the space Bˆ. This task is not triv-
ial, so we introduce a filtration on Bˆ and consider the associated spectral
sequence.
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Let us define a degree degθ1 on Aˆ, and consequently on Bˆ, that simply
counts the number of θ1i , i = 1, . . . , n. The differential ∆0 splits in three
homogeneous components
∆0 = ∆0,1 +∆0,0 +∆0,−1
where degθ1 ∆0,k = k. It is clear from their definition that the maps i and
p preserve the degree degθ1 , hence the homogeneous components of ∆
′
0 are
simply given by ∆′0,k = p ◦∆0,k ◦ i.
Let us now introduce on Bˆ the decreasing filtration F Bˆ associated with
the degree degθ1 − degθ, i.e., let F
rBˆ be given by elements of Bˆ with homo-
geneous components in degθ1 − degθ of degree less or equal −r,
. . . ⊂ F 2Bˆ ⊂ F 1Bˆ ⊂ F 0Bˆ = Bˆ.
This filtration is preserved by ∆′0, hence this turns (Bˆ,∆
′
0) into a filtered
complex to which we associate a spectral sequence (E′k, d
′
k). The zeroth page
is given by Bˆ with induced differential given by ∆′0,1, i.e.,
(E′0, d
′
0) = (Bˆ,∆
′
0,1).
Our aim is to compute the first page E′1, i.e., the cohomology of ∆
′
0,1 on Bˆ.
Let us first compute the explicit expression of the differential.
Lemma 15. The differential ∆′0,1 on Bˆ is given by
∆′0,1 = p ◦ ∆ˆ0,1 ◦ i
where
∆ˆ0,1 = (−λ+ u
i)f iθ1i
∂
∂ui
+
∑
s>1
s+ 2
2
f iui,sθ1i
∂
∂ui,s
−
1
2
∑
s>1
(−λ+ uj)sf j
∂jf
i
f i
ui,sθ1j
∂
∂ui,s
−
1
2
(−λ+ uj)∂if
jθ1jθ
0
j
∂
∂θ0i
+
1
2
∑
s>0
f i(s− 1)θ1i θ
s
i
∂
∂θsi
−
1
2
∑
s>0
(−λ+ uj)f j
∂jf
i
f i
(s+ 1)θ1j θ
s
i
∂
∂θsi
+
1
2
(−λ+ uj)f j
∂jf
i
f i
θ1i θ
0
j
∂
∂θ0i
.
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Proof. Let us first collect the terms in ∆0 that increase the degree degθ1 .
We get:
∆0,1 = (−λ+ u
i)f iθ1i
∂
∂ui
+
∑
s>1
(−λ+ ui)∂jf
iuj,sθ1i
∂
∂ui,s
+
∑
s>1
f iui,sθ1i
∂
∂ui,s
+
1
2
∑
s>1
(−λ+ ui)s∂jf
iuj,sθ1i
∂
∂ui,s
+
1
2
∑
s>1
sf iui,sθ1i
∂
∂ui,s
+
1
2
∑
s>1
(−λ+ ui)sf i
∂if
j
f j
uj,sθ1j
∂
∂ui,s
−
1
2
∑
s>1
(−λ+ uj)sf j
∂jf
i
f i
ui,sθ1j
∂
∂ui,s
+
1
2
∑
s>0
(−λ+ uj)∂if
j(θsjθ
1
j + sθ
1
j θ
s
j)
∂
∂θsi
+
1
2
∑
s>0
f i(θsi θ
1
i + sθ
1
i θ
s
i )
∂
∂θsi
+
1
2
∑
s>0
s 6=1
(−λ+ uj)f j
∂jf
i
f i
(s+ 1)(θsi θ
1
j − θ
s
jθ
1
i )
∂
∂θsi
+ (−λ+ uj)f j
∂jf
i
f i
θ1i θ
1
j
∂
∂θ1i
.
Since ∆−1 has degθ1 equal to zero, the equation ∆0∆−1+∆−1∆0 = 0 implies
in particular that
∆0,1∆−1 +∆−1∆0,1 = 0.
Since the map i maps to the kernel of ∆−1, it follows from the previous
equation that ∆0,1 ◦ i also maps to the kernel of ∆−1.
Keeping in mind the properties of the map p outlined in Corollary 14, let
us now determine which of the terms in the formula for ∆0,1 above, applied
to an element in the image of i, are mapped to zero when composing with
p.
The second, fourth and sixth terms are of the form∑
s>1
Cijs (λ− u
i)uj,s
∂
∂ui,s
for Cijs ∈ Cˆ. When evaluated on the image of (9) through i, such operator
clearly gives 0 on Cˆ[λ]. An element of dˆi(Cˆi) is mapped, for i 6= j, to Mˆ[λ],
which in turn is mapped to zero by p. Finally, for i = j, such element is
mapped again to an element in Cˆi, which however vanishes for λ = u
i, hence
is mapped to zero by p. Hence these terms do not contribute to ∆′0,1.
The eighth term vanishes identically for s = 1 and for s > 2 either maps
Cˆi to Mˆ[λ], in which case applying p gives zero, or maps Cˆi to Cˆj so that
setting λ = uj yields zero. Therefore only the s = 0 term contributes.
In the tenth term, observe that the operator (−λ+uj)θsj , s > 2 acting on
Cˆj gives zero when composing with p. Collecting all the remaining terms,
we obtain the expression stated in the Lemma. 
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3.5. The third filtration. We have arrived at the problem of computing
the cohomology of the complex (Bˆ,∆′0,1). In this Section first we show that
we can compute such cohomology on each of the n + 1 summands in (9)
independently, and then we introduce our final filtration to estimate the
possible non-vanishing (p, d)-degrees in the cohomology of ∆′0,1.
Let us start with the following observation:
Lemma 16. The operator ∆′0,1 preserves the splitting (9) of the cohomology
Bˆ of ∆−1 in n+ 1 summands, namely
∆′0,1
(
Cˆ[λ]
)
⊂ Cˆ[λ],
∆′0,1

 Im
(
dˆi : Cˆi → Cˆi
)
[λ]
(ui − λ)

 ⊂ Im
(
dˆi : Cˆi → Cˆi
)
[λ]
(ui − λ)
,
for i = 1, . . . , n.
Proof. Acting on Aˆ[λ], one explicitly checks that each term of the operator
∆ˆ0,1 as stated in Lemma 15 preserves the subspaces Cˆ[λ] as well as Cˆ
nt
i [λ].
Since p is the identity on Cˆ[λ], it is preserved by ∆′0,1, too.
As noticed before, we have that ∆0,1∆−1 + ∆−1∆0,1 = 0. Since ∆−1 =
f i(−λ+ ui)dˆi on Cˆ
nt
i , we get that ∆0,1 sends Cˆ
nt
i ∩ Ker dˆi = dˆi(Cˆi) to itself.
Finally p acts like the identity on such space, which is therefore preserved
by ∆′0,1. 
This Lemma implies that we can compute the cohomology of ∆′0,1 on each
of these n+ 1 spaces separately. Let us start from Cˆ[λ].
Lemma 17. The cohomology of the complex (Cˆ[λ],∆′0,1) vanishes if the bi-
degrees (p, d) are not in the range
d = 0, . . . , n, p = d, . . . , d+ n.
Proof. The possible (p, d)-degrees of the elements of Cˆ[λ] are those of mono-
mials θ0i1 · · · θ
0
ik
θ1j1 · · · θ
1
jℓ
, 1 6 i1 < · · · < ik 6 n, 1 6 j1 < · · · < jℓ 6 n. So,
for the standard gradation d we have 0 6 d 6 n, and, if we fix d, then for
the super gradation p we have d 6 p 6 d+ n. 
Note that this Lemma gives Case 1 in the statement of Remark 6.
Now we want to estimate the cohomology of ∆′0,1 in each of the spaces
Im
(
dˆi : Cˆi → Cˆi
)
[λ]/(ui − λ), i = 1, . . . , n. For the rest of this Section the
index i is fixed and refers to the particular space that we consider.
Obviously, the map πλ−ui that sets λ to u
i defines an isomorphism be-
tween Im
(
dˆi : Cˆi → Cˆi
)
[λ]/(ui−λ) and Im
(
dˆi : Cˆi → Cˆi
)
. Let us denote by
∆˜′0,1 the operator induced by ∆
′
0,1 on dˆi(Cˆi) by such isomorphism and let us
represent it in the following way:
∆˜′0,1 =
n∑
k=1
θ1kDk,
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where
Dk :=(u
k − ui)fk
∂
∂uk
−
n∑
j=1
(uk − ui)fk
∂kf
j
f j
θ1j
∂
∂θ1j
+
∑
s>1
s+ 2
2
fkuk,s
∂
∂uk,s
−
1
2
∑
s>1
n∑
j=1
(uk − ui)sfk
∂kf
j
f j
uj,s
∂
∂uj,s
+
1
2
∑
s>2
fk(s− 1)θsk
∂
∂θsk
−
1
2
∑
s>2
n∑
j=1
(uk − ui)fk
∂kf
j
f j
(s+ 1)θsj
∂
∂θsj
−
1
2
n∑
j=1
(uk − ui)∂jf
kθ0k
∂
∂θ0j
−
1
2
fkθ0k
∂
∂θ0k
−
1
2
n∑
j=1
(uk − ui)fk
∂kf
j
f j
θ0j
∂
∂θ0j
+
1
2
n∑
j=1
(uj − ui)f j
∂jf
k
fk
θ0j
∂
∂θ0k
.
In particular
Di =
∑
s>1
s+ 2
2
f iui,s
∂
∂ui,s
+
∑
s>2
s− 1
2
f iθsi
∂
∂θsi
(10)
−
1
2
f iθ0i
∂
∂θ0i
+
1
2
n∑
j=1
(uj − ui)f j
∂jf
i
f i
θ0j
∂
∂θ0i
.
As a first step towards the computation of the cohomology of ∆˜′0,1 on the
space Bˆi := dˆi(Cˆi), we introduce the decreasing filtration F Bˆi associated
with the degree degθ1i − degθ, in the same way as we did for the filtration
F Bˆ before. In this case degθ1
i
is the degree that counts the number of
θ1i for fixed i. Denote by (E
′′
k , d
′′
k) the associated spectral sequence. Since
degθ1
i
Dk = 0, the zeroth page is given by Bˆi with the differential induced
by θ1iDi, i.e.,
(E′′0 , d
′′
0) = (Bˆi, θ
1
iDi).
We now proceed to find the first page of the spectral sequence by computing
the cohomology of this complex. We will find restrictions on the possible
(p, d)-degrees at which the cohomology can be non-trivial, which will be
sufficient to complete the proof of our vanishing Theorem 4.
Proposition 18. The cohomology of the differential θ1iDi on the space Bˆi =
dˆi(Cˆi) vanishes,
Hpd
(
Bˆi, θ
1
iDi
)
= 0,
unless d = 2, 3, . . . , n+ 2, p = d, d+ 1, . . . , d+ n− 1.
Proof. In order to compute the cohomology of θ1iDi on Im
(
dˆi : Cˆi → Cˆi
)
, we
represent this space as a direct sum of subcomplexes indexed by some aux-
iliary gradation. That is, we consider all possible non-constant polynomials
in ui,>1 and θ>2i , and we represent this space as a direct sum
C[ui,>1, θ>2i ] =
⊕
w∈ 1
2
Z
Mwi ,
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where Mwi ⊂ C[u
i,>1, θ>2i ] is the subspace of weighted homogeneous poly-
nomials of the weight w, where the weight w is defined on generators as
w(ui,s) = (s+ 2)/2, s = 1, 2, . . . , and w(θsi ) = (s− 1)/2, s = 2, 3, . . . .
Lemma 19. There is an isomorphism
Bˆi ∼=
⊕
w∈ 1
2
Z
Cˆ · dˆi(M
w
i ),
where each of the summands is preserved by the differential θ1iDi. Therefore
the cochain complex (Bˆi, θ
1
iDi) decomposes into a direct sum of subcomplexes
indexed by all possible w ∈ 12Z.
Proof. A short computation shows that
[Di, dˆi] = −f
idˆi.
Consider an element m ∈Mwi . It follows from the identity above that
θ1iDi(Cˆdˆi(m)) ⊂ (θ
1
iDi(Cˆ)) · dˆi(m) + Cˆ · θ
1
iDi(dˆi(m))
= (θ1iDi(Cˆ)) · dˆi(m) + Cˆ · θ
1
i dˆi(Di − f
i)(m).
We see from equation (10) that θ1iDi(Cˆ) ⊂ Cˆ and that (Di − f
i) acts on m
by multiplication by a scalar and by f i. This shows that θ1iDi preserves the
subspace Cˆ · dˆi(m), and, therefore, the space Cˆ · dˆi(M
w
i ) for any w ∈
1
2Z. 
Because of this Lemma, we can consider an infinite direct sum of com-
plexes, each of which is a finite dimensional module over Cˆ. Note that
dˆi(M
w
i ) is equal to 0 for w < 3/2, so we assume that w > 3/2 in the rest of
the proof.
Let us discuss the action of θ1iDi. Observe that this operator is linear over
the ring of functions in u1, . . . , un and θ1j , j 6= i. So, we omit the coefficients
from this ring in the computations below, assuming that there can be an
arbitrary coefficient that would be preserved.
Note that the eigenvalue of the operator∑
s>1
s+ 2
2
ui,s
∂
∂ui,s
+
∑
s>2
s− 1
2
θsi
∂
∂θsi
on dˆi(M
w
i ) is equal to w−1. Then the eigenvalue ofDi on dˆi(M
w
i ) is f
i(w−1).
Observe that w − 1 is always a positive half-integer, and the minimal value
of w − 1 is equal to 1/2 for w = 3/2 and in this case dˆi(M
3/2
i ) = 〈θ
2
i 〉.
Consider monomials θ0j1 · · · θ
0
jℓ
such that 1 6 j1 < . . . < jℓ 6 n, and jk 6= i
for all k = 1, . . . , ℓ. Let m ∈Mwi . We have that
θ1iDi : θ
0
j1 · · · θ
0
jℓ
dˆi(m) 7→ f
i(w − 1)θ1i θ
0
j1 · · · θ
0
jℓ
dˆi(m).
So, since w − 1 6= 0, we see that the subspace of Cˆ · dˆi(M
w
i ) spanned by the
elements θ0j1 · · · θ
0
jℓ
dˆi(m) and θ
1
i θ
0
j1
· · · θ0jℓ dˆi(m) forms an acyclic subcomplex
of Cˆ · dˆi(M
w
i ).
Now we consider monomials θ0i θ
0
j1
· · · θ0jℓ such that 1 6 j1 < · · · < jℓ 6 n,
and jk 6= i for all k = 1, . . . , ℓ. Let m ∈M
w
i . Modulo the acyclic subcomplex
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that we introduced in the previous paragraph, we have that
θ1iDi : θ
0
i θ
0
j1 · · · θ
0
jℓ
dˆi(m) 7→ f
i
(
w −
3
2
)
θ1i θ
0
i θ
0
j1 · · · θ
0
jℓ
dˆi(m).
Note that w−3/2 is equal to zero only if w = 3/2, and, therefore, dˆi(m) 6= θ
2
i .
Thus, if w > 3/2, the quotient of Cˆ · dˆi(M
w
i ) modulo an acyclic subcomplex
is an acyclic subcomplex, and so Cˆ · dˆi(M
w
i ) is acyclic.
The only possible case when we can have non-trivial cohomology is the
case of w = 3/2, that is, the case of the complex Cˆ · θ2i . In this case, after
taking the quotient modulo the acyclic subcomplex, the cohomology of θ1iDi
is represented by a product of θ0i θ
2
i by an arbitrary function in u
1, . . . , un,
θ01, . . . , θ
0
n (θ
0
i is omitted), and θ
1
1, . . . , θ
1
n. This means that we have non-
trivial cohomology only for gradation d = 2, 3, . . . , 2 + n, and once we fixed
d, the possible values of gradation p are d, d+ 1, . . . , d+ n− 1. This proves
the Proposition. 
Proof of Theorem 4. Recall from Remark 6 that we have to prove the van-
ishing of the bihamiltonian cohomology, except for the two cases 1 and 2
specified in that remark. The computations in this subsection show that the
cohomology of ∆′01 vanishes, unless d = 0, 1, . . . , n; p = d, d + 1, . . . , d + n
(Case 1, coming from the sub-complex Cˆ[λ]), or d = 2, 3, . . . , n + 2, p =
d, d+ 1, . . . , d+ n− 1 (Case 2, coming from the sub-complex dˆi(Cˆ)). Going
back via the second to the first spectral sequence, we conclude the van-
ishing of the cohomology groups of the complex (Aˆ[λ],Dλ) in the same
(p, d)-degrees: this is exactly the statement of Theorem 4. 
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